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Resul ts  a r e  p resen ted  for  a numer i ca l  invest igat ion of the influence of finite t h e r m a l  conduc- 
t ivi ty  and wall  th ickness  on heat t r a n s f e r  in a ve r t i ca l  cavity of r ec tangu la r  c r o s s  sect ion.  
Theore t i ca l  fo rmulas  a r e  obtained for  de te rmin ing  the to ta l  heat flux. 

The flow and heat t r a n s f e r  in a ve r t i c a l  cavi ty  of r ec tangu la r  c ros s  sec t ion ,  under  natura l  convection 
conditions (NC), have been studied by many authors  [1-6]. As a ru le ,  the t e m p e r a t u r e  conditions at the body--  
liquid in te r face  (the t e m p e r a t u r e  or  the heat flux) a r e  a s sumed  to be known beforehand.  However ,  this  ap-  
p r each  is not a lways sa t i s f ac to ry  [7]. The a s s ignment  of su r face  t e m p e r a t u r e  under  s t e a d y - s t a t e  heat t r a n s f e r  
is valid only in the case  of infinite body t h e r m a l  conductivi ty,  whereas  in the r e a l  phys ica l  si tuation the walls 
have finite t h e r m a l  conductivity.and th ickness .  Under unsteady heat t r a n s f e r  the law for  var ia t ion  of su r face  
t e m p e r a t u r e  with t ime  is not known beforehand.  T h e r e f o r e ,  in the design and cons t ruc t ion  of technica l  i n s t a l -  
la t ions ,  the s t r u c t u r e  and the liquid in te rac t  apprec iab ly ,  it is de s i r ab l e  to t r e a t  the t h e r m a l  p rob lem as r e -  
la ted,  i . e . ,  to s e e k  a s imul taneous  solution of the equations of convection of the liquid and the equations fo r  
t h e r m a l  conductivity in the body, with the t e m p e r a t u r e s  and heat f luxes ,  which a r e  not known beforehand,  [13] 
equal at the phase  in te r face  su r f ace .  The c r i t e r ion  for  the in teract ion of the t e m p e r a t u r e  field on the body 
and of the liquid washing it under  NC conditions is the complex d imens ion less  group Br ,  the Brown number ,  
which is  a quantity p ropor t iona l  to  the ra t io  of the  t h e r m a l  r e s i s t a n c e  of the washed wall to the t h e r m a l  r e s i s -  
tance  of the liquid [8, 11]: 

B r =  k :  prt/4Grl/4 1 0 2 ~ G r P r ~ 2 . 1 0 7  ' 
X t ksx 

where  x is  the  d is tance  along the wail in the flow direct ion;  5 is  the wall  th ickness ;  and kf(ks) is the t h e r m a l  
conductivity of the liquid {the wall}. It is a s s u m e d  that in the region Br > 0.02 the p rob l em must  be solved in 
the joint formula t ion  [8]. 

1. In this pape r  we use  numer i ca l  modeling to inves t igate  two-d imens iona l  l a m i n a r  NC in a rec tangu la r  
cavi ty  fi l led with a i r ,  with solid i m p e r m e a b l e  wal ls .  
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Fig.  1. Physica l  model .  
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Fig. 2. The t empera tu re  and velocity profi les as a function of the coupling pa-  
r a m e t e r  a [01 X=l=l ,  G r L = 1 0  5, y = H/(2L),  H /L  = 6]. The t r iangles  show 
(the s t r eam function), and the points show 0 (the t empera ture ) .  

Fig.  3. The local Nusselt  number  as a function of y for  a = 0.14; H/L  = 4; 

OIx=l =1 .  
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Fig.  4. Heat t r ans f e r  as a function of a (H/L) [Gr L = 
105 , y = H/(2L),  01x=l = I ] .  

The physical  model of the problem is i l lustrated in Fig.  1. The left ver t ica l  wall is a flat plate of finite 
th ickness .  The top and bottom boundaries of the cavity [yW = 0, yV = H] a re  thermaUy insulated,  and the ve r t i -  
cal boundaries [x t = --6 t x t = L] a re  kept at constant and different t empera tures  (T 1 ~ T0). 

If we r e s t r i c t  attention to the case  where the t r a n s v e r s e  the rmal  conductivity (in the direct ion x') in the 
plate [--6 ~ x '  ~ 0, 0 ~ y '  <__ HI is considerably g r ea t e r  than the longitudinal conductivity (in the direction y ' ) ,  
then the conditions for  the heat fluxes to be equal at the interface sur face  (x ~ = 0) may be reduced to the bound- 
ary  condition 

kj or (0, y') _ k L [r (0, y') - -  To]. 
Ox' 15 

There fo re ,  the boundary problem considered (in dimensionless variables) can be formulated as follows: 

Oy Ox Oy Pr ~ ' 

- -  ~ - - -  _ _  d O  o~ Oo Off Ozf~ k Oz~ + G r L - - ,  
Oy Ox Oy Ox z Oy z Ox 

0r 
Ox 

Ox 

a =  k0- - 

_ _  H r  dO = 0 ;  0 • x • l ;  y = 0 ,  T '  
dy oy 
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5. The average  Nusselt  number  as a function of 

[a)0[x~ 1 = 1, Gr L = 105; b) O[x= t = 1 ,  a = 0.11].  

4 =  6O O~ = 0 ,  ~z = 0 ;  x = O ,  O ~ y ~  H 
ax ax L 

$ -  0~ - 0 ,  O= 
Ox 

1, if T~ > T o, H 
x- -  1, o ~ y ~ < - Z - - .  

- -  1, i f  T o ~  Ti, 

Here as the sca les  for  dis tance,  the s t r eam function, and the vor t ic i ty  we choose the cavity width L, the 
kinematic viscosi ty  v and the quantity (L2/v), respect ively .  The dimensionless  t empera tu re  is 0 = {T--To)/ 
AT, AT = Tmax- -Tmi  n. In sys tem (1) we have the dimensionless  groups ,  the Prandtl  number  l>r = v / a ,  and 
the Grashof  number  Gr L = gflATL3/v 2, and also the coupling pa rame te r  a = (kf/k s) x (6/L), which descr ibes  
the influence of the finite conductivity (kf/ks) of the solid and liquid phases and the geomet r ic  fac tor  (6/L) on 
the flow and the heat t r ans fe r  in the rec tangular  cavity heated f rom the side. 

The complete solution of the coupled problem (1) can be defined by the functional dependence 

0 OrL, , (2) 

2. System (1) was solved numerical ly  by the f ini te-differences method. A monotonic conservat ive  
difference scheme of second-o rde r  accuracy  [6] was used. A s teady-s ta te  solution was f ~ n d b y  the i terat ive 
Zeidel p rocess .  Relaxation p a r a m e t e r s ,  for  which an optimal value ~ s  determined by experimental  calcula-  
t ions,  were used to acce le ra te  the convergence of i terations in the vort ici ty and s t r eam function equation. The 
calculations were ca r r i ed  out in a uniform mesh with a spatial  step of h = 1/20. 

3. The following mat ters  were clarif ied f rom an analysis  of the numer ica l  data obtained for the values 
Gr L = 103-107, a = 0; 0.07; 0.11; 0.14, I-I/L = 1; 2; 4; 6; 10 at a fixed l>randtl number  of l>r = 0.72. 

The influence of Grashof  number Gr L (at fixed ~) on the thermoconvect ive  p rocesses  in the cavity,  elu- 
cidated by solving the coupled problem (1~, is c lose  to the resul ts  obtained ear l ie r  [3, 5] in the solution of the 
analogous problem in the uncoupled form.  Increase  in Grashof  number leads to intensification of convection, 
the generat ion of a constant ver t ica l  t empera tu re  gradient  and subsequent change of thermal  conditions in the 
cavity.  The reg ime close to a heat-conduction condition (Gr L ~104) is replaced by a boundary layer  reg ime 
(Gr L ~ 105). The i so therms a re  a lmost  horizontal  in the center  of the cavity. Fur the r  inc rease  in Grashof 
number (Gr L ~ 106) leads to curvature  of the i so therms in the center  and the appearance of secondary c i r cu la -  
to ry  flows descr ibed in detail in [9]. 

We now consider  the influence of the coupling of the heat t r ans fe r  on the intensity of convective motion 
and on the t empera tu re  field s t ruc ture .  With inc rease  in the coupling pa ramete r  a for a given tempera tu re  
drop (AT = T1--T0), the convective intensity dec reases ,  e . g . ,  for  ~ ~ 0.1, by 20% in comparison with a = 0. 
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T A B L E  1. T h e o r e t i c a l  F o r m u l a s  f o r  the  A v e r a g e  Nusse l t  N u m b e r  

H / ~ I  H/L=2. 4, 6 

0 

0,07 

0,14 

NUL=O,225(GrL) 0"243 (3') 

N--~L=0,283(GrL) 0,193 (4') 

~--UL=0,337(GrL) 0,16 (5') 

~-~L=O,226(GrL)O, 245 (H/L)--O. 155 (3"} 

~-UL=0,267(Ca.L)0.212 (H/L)--O. 125 (4"~ 

~'~L=0,332(GrL)0,175 (H/L)--O. 1o9 (5"~ 

The i s o t h e r m  field unde rgoes  c o n s i d e r a b l e  changes  h e r e .  A d e c r e a s e  in the  in tens i ty  of convec t ive  motion 
with i n c r e a s e  of  ~ leads  to  an i n c r e a s e  in the  Hquid t e m p e r a t u r e ,  i t yp i ca l  example  of  the  inf luence of a 
(a = 0-0 .11;  Gr  L = 105; I-I/L = 6; y = H/ (2L) ;  0Ix= 1 = 1) is shown in F ig .  2. 

Ana lys i s  of the  d i s t r ibu t ion  of loca l  heat  t r a n s f e r  Nu L = - - aO/8~x=  0 on the s u r f a c e  x = 0 f o r  0 Ix=l = 1 

(T 1 > T0), H / L  = 2; 4; 6; 10, Gr  L = 103-10 ~ and with a f ixed shows that :  fo r  s m a l l  G r a s h o f  n u m b e r  (Gr L ~ 103) 
the  va lue  of Nu L a l m o s t  does not v a r y  with height  of  the  wall ;  f o r  va lues  G r  L = 104-107, H/(4L)  __< y _ tV(7L) 
t h e r e  is a va r i a t ion  NUL = 0.45y + f (GrL) .  An i n c r e a s e  in Gr  L is a c c o m p a n i e d  by an i n c r e a s e  in Nu L ove r  
p r a c t i c a l l y  the  en t i r e  height  of the  wal l .  On the  cold wall  [x = 0, 0 _< y _< H / L ;  0 Ix=l = 1] the  quant i ty  Nu L 
r e a c h e s  a m a x i m u m  n e a r  the  top  of the  wal l ,  s ince  h e r e  the  t e m p e r a t u r e  g r ad i en t s  a r e  g r e a t e s t  b e c a u s e  of 
f low out f r o m  the  wall  Ix = 1,  0 _< y _< H / L ]  of l iquid which has been heated m o r e ;  the  quant i ty  NUL depends 
s l ight ly  on the  r a t i o  H / L .  A t yp i c a l  d i s t r ibu t ion  of loca l  heat  f lux is shown in F ig .  3. 

It  can  be shown by the  me thods  of  s i m i l a r i t y  t h e o r y  [10] tha t ,  in the  g e n e r a l  c a s e ,  

Nut. = (p (~, H/L) (PrGrt.) 1/4. 

Calcula t ions  made  f o r  x = 0, y = H/ (2L) ,  Gr  L = 105, P r  = 0.72,  0 Ix=l = 1 show tha t :  t he  dependence  of 
the  heat  t r a n s f e r  r H/L)  = N U L / ( P r G r L ) I / 4  on H / L ,  with a as  a p a r a m e t e r ,  is l i n e a r  (Fig.  4a); ff we take  
K / L  a s  a p a r a m e t e r ,  a monoton ic  d e c r e a s e  of r  H/L)  with i n c r e a s e  of a is o b s e r v e d  (Fig. 4b). 

We sha l l  d e s c r i b e  the  heat  t r a n s f e r  t o  the  cavi ty  in t e r m s  of an a v e r a g e  Nusse l t  n u m b e r  N-ut. = - -  L . 
n / L  H 

[dO/Ox] ]x_odY The d e c r e a s e  in in tens i ty  of  convec t ion ,  o b s e r v e d  with i n c r e a s e  in t he  coupl ing p a r a m e t e r  I 

0 
~ ,  leads  t o  a r educ t ion  in the  a v e r a g e  lqussel t  n u m b e r  Nu L . H e r e  the  a v e r a g e  Nusse l t~number  Nu L depends 
subs tan t i a l ly  on the  cav i ty  g e o m e t r y  and on the  Gr  L n u m b e r .  Typ ica l  cu rves  showing Nu L as a funct ion of 
(K/L) ,  Gr  L,  and ~ a r e  shown in F ig .  5. 

The r e l a t ion  between logNu L and logGr  L is  a l m o s t  l i n e a r ,  and fo r  103 _< Gr  L _< 106, H/L = 2, 4,  6, and 
a f ixed one obtains p a r a l l e l  s t r a i g h t  l ines .  T h u s ,  one can c o n s t r u c t  a f o r m u l a  o f t h e t y p e  N'--UL =A (GrL)B (H/L) C. 
F o r  the  c a s e  H / L  = 1.103 _< Gr  L _ 106, ~ = 0; 0.07; 0.14 the  l e a s t - s q u a r e s  method  was used  to  obtain i n t e r p o l a -  
t ion r e l a t ions  of  the  type  Nu L = A(GrL)B.  T he  r e s u l t s  a r e  shown in Tab le  1. C o m p a r i s o n  of the  ca lcu la ted  
va lues  of Nu-'-L with the  E q s .  (3') and (3"), obta ined h e r e  f o r  ~ = 0, with the  values  ca lcu la ted  us ing the  E l d e r  
f o r m u l a  [2] 

Nu---- z = 0,231 (G.) ~ Pr = 0.733, H/L = I, GrLPr>4*10s (3) 

and the  Yakob f o r m u l a  [12] 

N--ut. = 0.18(GrL)O.~S (H/L) -o.tll, H/L = 2; 10, 1 0 S ~ G r L ~  105 (4) 

show tha t  va lues  of Nu-'-L f r o m  Eq.  (3') fa l l  about  8-10% lower ,  while va lues  of  Nu'--L f r o m  Eq.  (3") fa l l  about  
9-11% above  the  va lues  of  Nu--- L ca lcu la ted  f r o m  Eqs .  (3) and (4), r e s p e c t i v e l y .  

Calcula t ions  using Eqs .  (3t)-(5 w) show tha t ,  f o r  a l l  va lues  of G r L ,  with i n c r e a s e  of the  coupl ing p a r a -  
m e t e r  a ,  the  a v e r a g e  Nusse l t  n u m b e r  NUL d e c r e a s e s .  F o r  example ,  i f  t he  va lue  of  Nu'--L, fo r  Gr  L = 105, 
f r o m  Eq.  (3') ,  and ce = 0 (Br = 0), is taken as  100%, then the va lues  of Nu L f r o m  Eqs .  (4') and (5'),  c o r r e s -  
ponding to  ~ = 0.07 (Br = 1.14),  a = 0.14 (Br = 2.27),  a r e  70 and 58%, r e s p e c t i v e l y .  
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